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Abstract 



We consider a dilute version of the Wigner ensemble of n x n random real 
symmetric matrices H^"''^' , where p denotes the average number of non-zero 
elements per row. We study the asymptotic properties of the spectral norm 
IIH*"'"") II in the limit of infinite n with s„ ^ 0{n'^^^) and p„ = n^^'^^'^+^\ e > 0. 
^ Our main result is that the probability P {||ff '"■''" '|| > 1 + xn~^^'*}, a: > is 

jrt bounded for any e G (eo,l/2], eo > by an expression that does not de- 

apend on the particular values of the first several moments V21, 2 < I < 6 + <j)o, 
I I cfo = 0(£o) of the matrix elements of H^"''^' provided they exist and the prob- 

ability distribution of the matrix elements is symmetric. The proof is based on 
T-H the detailed study of the upper bound of the moments of random matrices with 

> truncated random variables L„ = E{Tr (.H"^"'''"^)^^"}. 

^T We also consider the lower bound of L„ and show that in the complementary 

Cn asymptotic regime, when p„ = n" with e £ (0,2/3], the fourth moment V4 is 

I- involved into the estimates and the scale n~^" at the border of the limiting 

spectrum should be replaced by p~^ . 



Running title: High Moments of Large Dilute Wigner Matrices 



1 Introduction 



A large part of the random matrix theory is related with the studies of the spectral 
C^ properties of the ensemble {A*^"'} of real symmetric (or hermitian) matrices whose 

elements 

A(")) =^a„-, l<i<j<n (1.1) 



2 



are jointly independent random variables with zero mean value and the variance v 
It is common to refer to (1.1) as to the Wigner ensemble of random matrices because 
it was E. Wigner who studied first the eigenvalue distribution of A^"^' in the limit of 
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infinite n in applications to the spectral theory of heavy nuclei [27] . Random matrices 
of finite dimensions has been studied earlier in mathematical statistics due to their 
relations with the multicomponent analysis. 

The semicircle law proved by E. Wigner for the limiting eigenvalue distribution 
of A^"'> [27] has been then improved and generalized in many directions, in particular 
by relaxing the Wigner's conditions on the probability distribution of the matrix ele- 
ments ttij [6, 18], or by the studies of different random matrix ensembles generalizing 
the form of (1.1) [15], or by getting more precise information on the behavior of the 
extremal eigenvalues of A^"' and related ensembles [1, 5, 4]. 

At the same period, being motivated by the universality conjecture on the level 
repulsion in the spectra of heavy atomic nuclei [19], a strong interest to the local 
properties of the eigenvalue distribution of A^"^' has lead to a number of powerful 
and deep results (see the monograph [16] and references therein). The breakthrough 
results in the studies of the local properties of the eigenvalue distribution at the 
border of the limiting spectrum of the random matrices of the Wigner ensemble has 
been obtained in paper [26], where the eigenvalue distribution of random matrices 
(1.1) has been studied for the first time on the local scale, i.e. on the distances 
of the order n'~^^^. This is done in the frameworks of the moment method, in the 
asymptotic regime when the order of the moments is proportional to n^'^ . 

One of the possible generalizations of the Wigner ensemble (1.1) is given by the 
ensemble of square random matrices such that each row contains a random number of 
non-zero elements and the mean value of this number p„ is a function of the matrix 
dimension n. Following the statistical mechanics terminology, where such models 
have been first considered, it is natural to refer to this class of random matrices as to 
the sparse or dilute random matrices [17, 20]. The limiting eigenvalue distribution of 
dilute random matrices or related ensembles is studied in a number of publications, 
where, in particular, the semicircle law has been proved to be valid in the limit 
n, p„ — > oo [11]. The spectral properties at the edges of the limiting spectra has been 
studied in papers [8, 12] but the local asymptotic regime has not been reached there. 
In the present paper we present some results in this direction. 

It should be noted that the local properties of the eigenvalue distribution of a 
kind of dilute random matrices is studied in [25]. However, the ensemble considered 
there is related with the regular trees and is different from the ensembles we study. 

2 Main results 

Let us consider a two-parameter family of real symmetric random matrices {H^^'P'} 
whose elements are determined by equality 



(^(«.P))^ 



Jn,p) 



iij 



l<i<j<n, (2.1) 



where A — {oij, 1 < i < j} is an infinite family of jointly independent identically 
distributed random variables and 3^„ = {iJi?'^ 1 1 < z < j < n} is a family of jointly 
independent between themselves random variables that are also independent from A. 
We denote by E = E„ the mathematical expectation with respect to the measure 
P = P„ generated by ^ U 3^„. 



We assume that the probabihty distribution of random variables aij is symmetric 
and denote their even moments by V21 = E {aij)'^\ I > 1 with V2 = f ^ = 1/4. 
Random variables rj^"''^ are proportional to the Bernoulli ones, 

(„,p) _ J_ r 1 - (5y , with probability p/n, , - 

^-J ^ 1^ 0, with probability 1 — p/n, ^ ' ' 

where 5ij is the Kronecker (5-symbol. Let us note that the random nxn real symmetric 

matrix F^"''') with elements {Y''"-'P^)ij — y/p'r]ll represents the adjacency matrix 
of the Erdos-Renyi random graphs [2] . 

Our main result is related with the asymptotic behavior of the maximal in the 
absolute value eigenvalue oi H^"p\ 

A(?-^) = ||i/("''')|l= max lAfcli/^"^"))!, 

l<k<n 

in the limit when n and p tend to infinity. 

Theorem 2.1. Let the probability distribution of a^j be such that for some > 
the moment Vi2+2<t> = E |aij|"'^^^^ exists. Then for any sequence pn ~ n'^'^y^+'^i with 
e > gxj;, the limiting probability 

limsupP|AL"a^^>(l + ^)}<g(a;), x>0 (2.3) 

admits the universal bound in the sense that G{x) does not depend on the values of 
V21 with 2 < I < 6 + (j) and Vi2+24>- One can take, in particular Q{x) ~ cxp{— Ca;'^"} 
with a constant C . 

Assuming more about the probability distributions of a^, one can relax the re- 
striction on the range of e of Theorem 2.1. The following statement is true. 

Theorem 2.2. Let aij,l < i < j be independent identically distributed bounded 
random variables, \aij\ < U such that their probability distribution is symmetric. 
Then the maximal eigenvalue Amax = Amaxl^ ) determined by (2.1) with the 
help of (2.2) admits the same asymptotic bound as (2.3) 

limsupP|AL"a^^>(l + ^)|<^(x), x>Q (2.4) 

for Pn = r?!'^^^^^ ' with any given e' G (0, 1/2]. 

Remark. One can prove the analogs of Theorems 2.1 and 2.2 in the case when 
the random matrices H^^'P"' (2.1) are hermitian with ry^'''"' determined as before 
(2.2). In this case the upper bound G{x) can be slightly diminished. This difference 
disappears in the asymptotic regime of infinite n and p„ such that p„ <C n^'^ . We 
discuss this issue in more details in Section 7. 

Let us point out that Theorem 2.1 is in agreement with the results of paper [9], 
where the existence of the moment F12+20 with any positive </) > is proved to be 
sufficient for the upper bound (2.3) to hold for /)„ = n, i.e. for the maximal value of 



e = 1/2 when the dilute random matrices coincide with those of the Wigner ensemble. 
In paper [10] the arguments are presented showing that the condition E |aij |^^ < +cx) 
can be the necessary one for the upper bound (2.3) to be true for Amax . 

We prove Theorems 2.1 and 2.2 basing on the detailed study of the moments 
dy^ - ETr fi/^"'"))'' = E ^ y H^'^H^'^---hI'''''\ \ (2.6) 



io-il,i2,----i2s-l = l 

in the hmit of infinite n, p and s. To study the case described by Theorem 2.1, we 
need to truncate the random variables aij. This makes the proofs of Theorems 2.1 
and 2.2 very similar. 

3 Even walks and classes of equivalence 

Given a number C/„ > 0, we introduce the truncated random variables 

,(n) _ ( ttij, if |ay| < [/„ 



*■' ^-^ 1 0, otherwise 

and consider the moments (2.6) of corresponding random matrices jfl^'^'PK Following 
E. Wigner's idea, it is natural to consider the right-hand side of (2.6) as the weighted 
sum 

ETr (7^("^''))''= J2 n„(/2,)n„(/2,), (3.1) 

I2sel2s(n) 

where the sequence l2s = («o,*i; •••, ^28-1,^0)7 ^fc G {lj2,...,n} is regarded as a 
closed path (or trajectory) of 2s steps {it-i,it) with the discrete time t € [1, 2s]. The 
weights tla{l2s) and 11^ (/2s) are naturally determined as the average values of the 
products of corresponding random variables, 

^aihs) ^ Efljoij • • • aj2^_iio, Uj^ihs) — ^Vioil ' "Vi2s-lio- 

Here and below, we omit the superscripts in rjl"'''' when no confusion can arise. 

The proof of Theorem 2.1 is based on the following technical result. 

Theorem 3.1. Under conditions of Theorem 2.1, the following inequality holds, 

limsup ETr (u^-^^Pr^A "" < +00, (3.2) 

where Sn = [xn^''^J with x > and p„ = 7^2/3(i+e)^ 

We prove Theorem 3.1 with the help of the detailed study of the sum (3.1) that 
is based on the modified version [9] of the general approach proposed by Ya. Sinai 
and A. Soshnikov [22, 23, 26] for the study of high moments of large Wigner random 
matrices. The study of dilute random matrices is more complicated than the study 
of the standard Wigner ensemble. Thus, a number of essential improvements of 
the technique developed in [9] is introduced below. Also, some modifications of the 
general approach is proposed that make the computations shorter and easier. 



3.1 Trajectories, walks and graphs 

In this subsection we briefly repeat, with necessary modifications, the definitions of 
[9, 14, 26]. The notions we are going to determine are simple to illustrate but require 
some work to be introduced rigorously. To get an immediate image of the matter, 
the reader can pass to the example of the walk we give below and the descriptions of 
the corresponding diagrams depicted on the figure of the present section. 

Given a trajectory /2s, we can write that /2s (t) = it and consider a subset 
U{l2s\t) = {hsit'), < t' <t} C {l,2,...,n}. We denote by \U{l2s;t)\ its car- 
dinality. Each I2S generates a walk W2S — W{l2s) = {^{1),^ < t < 2s} that we 
determine as a sequence of symbols from an ordered alphabet, say {ai, 02, • • •}, with 
the help of the following recurrence rules: 

1) w(0) = Qfi; 

2) if /2s(t + l) iUihs^t), then w(i + l) = a\u(hs;t)\+i] 

if there exists t' < t such that l2sit + 1) = l2s{t'), then w{t + 1) = w{t'). 

In general words, the walk W2s "forgets" about the particular values of /2s (t). 
For example, the trajectory I[g — (5,2,7,9,7,1,2,7,9,7,2,7,2,1,7,2,5) produces 
the walk 

W[q = {ai,a2,a3,a4,a3,a5,a2,a3,a4,a3,a2,as,a2,a5,a3,a2,ai) (3.3) 

and there is a number of trajectories that also produce W{q. 

Sometimes we will use greek letters a,/3,7, ... instead of the symbols from the 
ordered alphabet {ai,a2, ■ ■ ■}■ We say that the pair {w{t — l),w{t)) represents the 
i-th step of the corresponding walk W2S and that ai represents the root of the walk 

We say that the trajectories /2s and /2s are equivalent if W{l2s) = W{l2s)- Given 
W2S, we denote by Cw the corresponding class of equivalence. It is clear that 

\Cw\=n{n-l)---{n-u+l), (3.4) 

where u = \U{l2s', 2s) | for any /2s G Cw- 

Given T4^2s, we can determine the multigraph of the walk g{W2s) — O^gT^g) with 
the set Vs of u vertices labelled by ai, . . . ,a„; the oriented edge exists (/3,7) € £g 
if the step (/3,7) is present in W2s- We attribute to each of 2s edges e ^ £g the 
corresponding instant of time t. We define the current multiplicity of the couple of 
vertices {/3,7} up to the instant t by the following variable 

M'^^-'^^Ht) = W e [l,t] : {w{t'-l),w{t')) = (/3,7) or {w{t' -l),w{t')) - (7,/3)}. 

The probability law of aij being symmetric, the non-zero contribution to (3.2) comes 
from the closed trajectories I2S such that in the corresponding graph of the walk of 
I2S each couple {a, (3} has an even multiplicity Aiy^" {2s) ~ O(mod 2). We refer 
to the walks of such trajectories as to the even closed walks and denote by W2S the 
set of all possible even closed walks of 2s steps. In what follows, we consider the even 
closed walks only and refer to them simply as to the walks. 



3.2 Self-intersections, primary and imported cells 

Given T4^2s G yV2s, we say that the instant of time t is marked if the couple {a, f3} = 
{w{t~ l),w{t)} has an odd multiphcity at the instant t, A^j^" (t) = l(mod2). We 
also say that corresponding edge e(t) € £g and step of W2s are marked. All other 
steps and edges are called the non-marked ones. 

It is clear that any even closed walk of 2s steps generates a sequence 02s of 
s marked and s non-marked instants that can be naturally regarded a s a binary 
sequence of O's and I's. In fact, this sequence 62s is known to encode a Dyck path. 
So, the set of all sequences 02s is is in one-by-one correspondence with the set of all 
half-plane rooted trees Tg ^ Ts constructed with the help of s edges. The cardinality 
of Ts being given by the Catalan number |7^| ~ ,, /!^.,, — t^, we allow ourself to 
refer to the elements of Ts as to the Catalan trees. 

Regarding a vertex /3 e Vg, let us denote by 1 < i-^ < ^ < ■ ■ ■ < t}^ ail\ marked 
instants of time such that W2s{tf^) = P- We say that the iV-plet {tf\...,t''§^) 
represents the marked arrival instants at the vertex /3. For any non-root vertex /3, we 
have N = Np > 1. If Njj = k, we say that /3 is the vertex of fc-fold self-intersection 
[22]. In general, we denote by k(7) the self-intersection degree Np of 7. If 7 = ai is 
the root vertex, we set K{ai) — Na-^ -\- 1. 

If k(/3) = 2, then we say that /3 is the vertex of a simple self-intersection. If 
the walk is such that at the second marked arrival instant ij there is at least one 
couple {/3,7j} passed odd number of times, M\^ '''^ (4 ) — l(mod2), then /3 is 
referred to as to the vertex of open self-intersection and ig is the instant of open 
self-intersection [23] . 

Let us consider the notions of primary and imported cells introduced in [14]. 
Given a walk W2S — {w{0),w{l), . . . ,w{2s)) G VV2S, we determine the following 
procedure of reduction V: find an instant of time t such that the step {t — l,t) 
is marked and w{t — 1) = w(t +1); if such t exists, then construct a new walk 
^2s-2 — ^(^2s) by the sequence 

W^'J - (wiO), w{l), ...,w{t- 1), w{t + 2), . . . , w{2s)) 

where two steps (t — 1, t) and {t, t + I) are eliminated from W2s- 

Apply the reduction procedure V to W^s' S^t ^2^14, and then repeat this action 
as many times as possible. Denote the resulting walk by W2s', < s' < s. Regarding 
the multigraph g{W2s') = {Vg,£g) as a subgraph oi g{W2s) = {Vg,£g), we keep the 
instants t' of edges e{t') € £g{W2s') as they were of the edges of e G £{W2s)- 

For any vertex /? e Vg, we refer to the marked arrival edges at /3 as to the primary 
cells at /3. Let us consider the reduced walk W2s' and a vertex 7 e Vg{W2s'), the first 
arrival instant t at 7 and the instant t' of the non-marked arrival at 7. Let us consider 
the Catalan tree ^(1^25') and compare the position of its vertices determined by t 
and t' . If these vertices do not coincide, we say that the instant t' represents an 
imported cell at 7 S Vg(W2s)- 

It should be noted here that the class of reduced walks we consider W2S coincides 
with the family of non-backtracking walks first used in relations with the random 
matrix theory in [24] and then developed in [3] and [25] and other papers. 



3.3 BTS-instants 

In paper [14], the notion of the instant of broken tree structure, in abbreviated form 
BTS-instant was introduced and it was shown that the number of imported cells 
at /? is bounded by the number 2k (/3) + K, where K is the number of remote BTS- 
instants performed by the walk. Let us recall here that the pair of steps {f — l,t') 
and it", t" + 1) represents the BTS-instant of W2s if both of (i' - 1, t') and (t", t" + 1) 
are present in the reduced walk W2s, are consecutive and [f — l,t') is marked and 
it" ,t" + 1) is non-marked. One can say that, in certain sense, the step (t" ,t" + 1) 
closes the marked edge that is not proper to it. Sometimes we will say simply that 
the couple (t',t" + 1) represent the BTS-instant, when no confusion can arise. 

Finally, let us define the exit cluster T>{f3) of the vertices (3 as the set of vertices 
lj,0 < j < d such that the edges {(3,%) G £g are marked. We will also say that 
the corresponding set of edges A(/3) = {{(3,jj),0 < j < d} represents the exit edge 
cluster of W2s of cardinality d. Regarding the primary and imported arrival instants 
at (3 with non-empty exit edge cluster A(/3), we see that the set A(/3) is separated into 
subsets of edges A^ such that the corresponding edges of the Catalan tree T{W2s) 
have the same parent for any two edges from the same subset Aj and the edges from 
different subsets Aj and Aj/ have different parents. These subsets are attributed 
in natural and unique way to the primary and imported arrival instants at (3 that 
explains their role in the studies of the maximal exit degree of the vertices of the 
walks. 




a^ 
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Figure 1: Graph of the walk Wig, its tree T{W') and a part of its Catalan structure S^*' 



We complete this subsection with the definition of the short BTS-instant. We say 
that the couple {t' — l,t'), [t" , t" + 1) represents the short BTS-instant of the walk 
W2s if this couple is the BTS-instant and the marked edge e(i') joins the vertices 
a,j3 such that there exists at least one marked edge e(t) = {a, (3} with t < t' . 

Let us consider the example walk W[g given by the sequence (3.3). The graph 
(7(W{g) is depicted on Figure 1. We see that K{ai) — k(q;3) — ^(05) — 1, k(q:2) — 4 
and K^ai) = 2. There is one open simple self-intersection (1,6) in the walk. The 
vertex as has one primary cell at t = 2 and one imported cell at t = 7. Regarding 
the Catalan tree T{W{q), we see that the edges 63 and eg have different parents in 
T. This means that the edge eg is imported to the vertex as and explains the term 
of imported cell. According to the definitions, all other vertices of 5(T4^i'g) have no 
imported cells. The couples (6,7) and (12,13) represent the BTS-instants of W{q 
with (12, 13) being the short one. 



3.4 Classification of vertices and edges 

Given a walk W2s, let us introduce one more multigraph g{W2s) — {Vg,Sg) such that 
e & £g contains the marked edges of £g only. Certainly, we keep the time labels of e 
as they they were in £g. Having an integer fco, we consider all vertices (3 such that 
their self-intersection degree «;(/?) < fco and say that they are the ^-vertices. We 
denote the set of ^-vertices by V, 



(m) 



a 



The vertices 7 with k(7) > fco + 1 are referred to as to the v-vertices. Wc denote 
the set of z^- vertices by Vg . Regarding Figure 1 and taking for instance fco = 3, we 
see that there are four /i- vertices (including the root vertex ai) and one :^- vertex a2- 

Let us classify the edges of g{W2s)- Regarding {/3, 7} e £g, we see that one of the 
following three cases can occur. 

1. The vertices /3 and 7 are both /i- vertices. In this case we consider the last 
passage of {/3,7} in the chronological order , assume (7,/?), and say that the corre- 
sponding oriented edge (7,/3) is the fi-edge that joins l3 and 7. 

2. Let the edge {/3, 7} G £g be such that (3 is the /x-vertex and 7 is the i^-vertex. 
We say that all edges of the form (/3,7) are v-edges. Regarding the last passage 
among p+1 edges of the form (7, /3), we determine the corresponding oriented edge 
(if it exists) as the /i-edge. In this case we say that (3 and 7 are joined by a /x-edge 
(7,/3). 

3. If 13 is the :/- vertex, we say that all edges of the form {jj,l3) of £g are the 
j^-edges. If /3 and 7 are both j/-vertices, then all edges of the form {13, j} are the ly- 
edges. We consider the last passage of {/3, 7} and say that the corresponding oriented 
i^-edge is the base v-edge. 

Regarding all other edges of £g that are nor /i-edges neither z^-edges, we say that 
they represent the p-edges of the graph {Vg,£g). It is helpful to think that the /i-, p-, 
and z/-edges are colored in, say, blue, green and black colors, respectively. Clearly, 
the green edges {a, 13} exist if and only if there exists one and unique blue edge of 
the form {a, /3) or {(3, a). In this case we say that these green edges are attributed 
to the blue one. 

To complete the classification, wc perform the following action that we name the 
re-coloring procedure. When all edges of g are classified into the blue, black and green 
ones, we look for the last in the chronological order ^-vertex /3' such that there is 
no blue /x-edge of the form (a, f3'). This can happen when all oriented edges (a^, /3') 
are the green ones placed over the blue edges {f3\aj). Then we choose the last ever 
green arrival at /3' and change the color of the corresponding green edge (a',/3') to 
the blue one. The blue edge {f3',a') is then re-colorcd from the blue to the green 
color. 

Let us stress that the re-coloring procedure concerns only the edges that join the 
pairs of /x-vertices. Another important thing is that the vertex a' looses one blue 
arrival edge. It is not hard to see that in such a situation there are some more /i- 
edges of the form (7^,0'). It requires some work to prove that the sequence of the 
re-coloring procedures terminates after a finite number of steps. This can be done 
in the spirit of the arguments used in [14] and we do not present the complete proof 
here. 



After all of the re-colorings of green edges is done, any )u-vertex 7 has at least one 
blue arrival edge of the form (/3,7). If the /z- vertex 7 is such that there are m blue 
edges of the form (7^ , /3) then we say the (i is of the /x-self-intersection degree m and 
write Kfj_{P) = m. Certainly, if 7 is the z/- vertex, then k.u{i) — i^{l)- Looking at the 
Figure 1, we see that the vertex a^ gets the arrival blue edge 773 after the re-coloring 
procedure. 

The blue edges are determined as the last arrival instants in order to get the 
correct description of the BTS-instants. The re-coloring procedure is related with 
the short BTS-instants only. Their number is estimated by the number of all other 
BTS-instants (see Subsection 6.4). Therefore this procedure changes nothing with 
respect to the estimates we use below. 

3.5 Classes of walks, weights and cardinalities 

Given W2S, we say that it belongs to the class of walks CkQ{jJ.,P,i>) with values 
M= (P2,f^3,---,f^ko), P = {Pi,P2,---,P2ko), ^ = {>^kQ+i,---,Vs) and integers ^™, pi 
and Vk^ in the cases when the graph g{W2s) has ^m vertices of /^-self-intersection de- 
gree TO, pi /i-edges e with multiplicity 7r(e) ~ pi and Vk vertices with j/-sclf-intcrscction 
degree k. It is clear that the number of vertices in the graph g{W2s) is given in this 
case by the following expression 

fco s 

|Vg|=^^„i+ ^ Uk- (3.5) 

ra—1 k — ko + 1 

The weight of the trajectory n(/2s) is naturally determined as a product of the 
weights Ileda,/?}) over the edges {a,/3} of the graph g{W2s) with W{l2s) = W2.s- 
However, we would to use the estimate of n(/2s) expressed in terms of the product 
over the vertices of g{W2s)- One of such possible expressions is given by the following 
statement. 

Lemma 3.1. Any trajectory I2S such that W{l2s) G Cko{ti.,p,v) has the weight 
Tl{l2s) that can be estimated as follows, 

-1 2fco-l / -.y \P' s , jj2k\ ^k 



fe = feo + l 



fco 



where we denoted a — X]m=i("^ ^ l)/^m- 

Proof. Given a vertex a, we determine the corresponding vertex weight n„(a) 
with the help of the arriving blue and black edges. More precisely, we act as follows. 

Let a be a /x-vertex with m' different arrival /i-edges that have no p-edges at- 
tributed to them and m" other arrival /z-edges. Then the contribution of this vertex 
a to the estimate of 11 is as follows, 



/, > I. (3.7) 




Then it is clear that the product over all /i- vertices gives the following expression 

n n.(a)=-^ • n HT ' (3-8) 



aev, 






where we denoted |/i| = X]m=i "^Mm- 

If /3 is the t^- vertex, then all k arrival edges of the form (7^ , /3), j > 1 arc the 
black ones. If the vertex 7^ is the /i- vertex with li attributed green edges and qi black 
edges {ji,/3), then we write the following estimate for the edge weight 

ne({/3,7j) < ^^^ < %- • ^ (3.9) 

that is in agreement with (3.6). 

If there exists a i^- vertex 7^ such that there arc q' edges of the form (7^ , (i) and q" 
edges of the form (/3, 7^), then wc writhe the following estimate for the edge weight 

lj2q' Jj2q" 

ne({/3,7,})<^-^. (3.10) 

It is clear that (3.9) and (3.10) imply the following estimate of the product over 
all j^-vertices, 

/ Tj2k \ ""fc 

n n.(/3)< n (7^) • (3-11) 



/3evi' 



k=ka + l 



Combining (3.8) and (3.11) and taking into account relation (3.5), we get the 
estimate (3.6). Lemma 3.1 is proved. 

Let us make the following remark with respect to the weight of (^-vertices. If 
/3 € Vg is such that there exist the base i^-edge (7^ , /3) , then the right-hand side 
of (3.10) can be replaced by more strong estimate C/^* ^^"^ /{np'^ -1+9 y However, 
there can exist vertices /?' such that there is no base :^-edges arriving at them. Thus, 
in the general case we are forced to use (3.10). 

The notion of the self- intersection of even walk introduced in [22] helps to estimate 
the number of walks of the same class. This upper bound given below is slightly 
different with respect to the modification of the basic technique of [22, 23], proposed 
in [9]. 

Lemma 3.2. Let us consider a subset Ce.d,kaif^TPi^) ^ Ck„{p,p,i^) of walks W2S 
such that the Catalan structure of W2S is given by 9 and the maximal exit degree of 
W^s is d. Then 

ic,,.,i,.p..)l < 3^^ ie,rr (f )"■" ft i (2^"" " 

X n'^- li ^^. ("2) 

7 1 Pi- I. 1. J_l ^'=' 

/ — I K — /Co + 1 
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where 9* — max^ ^(^)? ^ = -^ ~ Cm Cp ~ C/> with 

2kQ — l s k() 

/ — I A;— fco + l m— 3 

anrfCi = sup;,>i 2fc(fc!)-i/^ 

We prove this Lemma in Section 6. 

4 Estimates from above 

Slightly modifying the general scheme proposed in [26] and further improved in [21] 
and [9], , we split the sum over trajectories (3.2) into three parts, 

where Z2J is the sum over the trajectories /2s G C{W2s) such that the graphs g{W2s) 
have no multiple edges, Z2J is the sum over the trajectories /2s G C{W2s) such 

that the graph g(W2s) have at least one multiple edge and the maximal exit degree 

(3) 
g{W2s) is bounded D < rf, and Z^J is the sum over the trajectories /2s € C{W2s) 

such that the graph g{W2s) have at least one multiple edge and the maximal exit 

degree D > n'^. The value of the technical parameter e > will be presented below. 

4.1 Estimate of Z^^ 

It is easy to see that to estimate Z2J , we do not need to distinguish the /i and 
i^-vertices and we write down the estimate by using the /i-vertices only. 

We split the sum Z2J into two parts Zj,,' and ^2^' in dependence of whether 
/X2 is less than Cqs"^ /n or not, where Cq is a constant. This partition is similar to 
that used in [21], but here we use it in much simpler form. 

It follows from the definitions that 

^t''-^ T. T. T. T. \c^i (4-1) 

eeess M2=o M weCaifi) 

where according to (3.4), \Cw\ — n{n — 1) • • • (n — \Vg\ + 1). Taking into account 
equality \Vg\ = s — X]m=3("^ ~ l)Mm ^ M2 = * — /i2, we can write that 

(n - 1) ■ ■ ■ (n - [Vg] + 1) ^ (n - 1) ■ ■ ■ (n - (s - //2) + 1) 

where we denoted s ~ s — a with a — X]m=3('™ ~ l)Mm- 

Simple computation leads to the following important inequality [23] 

(n-2l:^>-^+M2)< r ^^s^l (4.2) 

11 



Taking into account that s < s < xn"^^^ and using (3.12) with obvious changes, we 
deduce from (4.1) the upper bound 

- 47 ,,ff i), -g«(6x'^') exp{(Co + 36)x' + <5„}, (4.3) 

where s = s — Q — ^; 



1 V- ( zO*] 



0662 

and 6n = o(l) in the limit n — > 00. 

Using the asymptotic expression for the factorials and taking into account the ex- 
istence of the Hmit B{z) = Hms_j.oo Bs{z) [13], we see that (4.3) impHes the following 
estimate 

limsupZ^;^') < —L= B(6x'/')e(^«+36)x^ (4.4) 

Let us consider Z^g ■ In this case inequality (4.2) is of no use and there is no 
compensation factor exp{— s'^/(2n)} to neutralize the sum over \ii. However, large 
factor [i2\ serves by itself as the compensation for the sum over [i^- 

Indeed, we can write that 

2" -4''s!(s + l)! ^ ^ ii^xKln) J-J- u„! I n™-i 



< -^ cxp{Cix'(l + o(l))} Y. -W 



2 \ A»2 

es ^ 



The last series is obviously o(l) as n — > cx3 provided Co > e. This conclusion together 
with (4.4) implies the finiteness of Z2J in the limit n — > 00. 

4.2 Estimate of Z^f 

Let us choose 

fco-L^— J and 5^'-^. (4.6) 

e — £0 D 

(2) 
As in the previous subsection, we split Z2g into two sub-sums according to the values 

of the sum ii2- 
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Using (3.6) and (3.12), we can write the following estimate 

d=\ 0ee2s 1^2=0 M ^ 

1 /S2 Qs9*Y' 1 /'32s^Y' -A- 1 /(2fcos)"^^" 

"^' 1 /sd'~ A"' A 1 / (2Cis)'=C/,f ^'^ 



n- 



>< E n ^(7r^2/+2J • n ^,, y- ^2fc . 

where we denoted V21+2 = V21+2/VJ and used incquahty V2 > v'^/2. In the last sum, 
the star means that |p| + |i^| > 1. 

Let us use the following representation, 

where 

" ' ^ l^ i;2 j ' pfco ~ i^ ^;2 j ■ „2/3(l+e)feo " 

It is clear that the choice of (4.6) implies that An ° = o(l) as n — > 00. 

Repeating computations of the previous subsection, we get the estimate 

Z^"^ < -^e(-o-a).3^^(g^3/2) (^exp|'£V.,.^| - 1*) 

x(exp{Ai'=")}-l*), 

where the stars at the unities mean that at least one of them is present in this 

(2 1') 
expression. Then certainly, under conditions of Theorem 2.1, Zg^,' = o(l) as n — > 00. 

(2 2) 
Let us consider Zg^' . We can write that 






* 2feo^l 1 (sS~ V -At If (2Ci5)'=t/f \"' , , 

Repeating computations of the previous subsection, we get from (4.8) inequality 

x(exp{Aji"}-l*), (4.9) 

f2 2^ i2\ 

that shows that Z^^^ ~ o(l) as n — > 00 for e = e/3. Thus, Z2J does not contribute 
to the estimate of the moments (3.2) in the limit of infinite n. 
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4.3 Estimate of Z^^} 

This is the most compUcated part of the estimates that requires a large amount of 
technical work and auxiliary statements. We try to optimize the details of the proof 
and the number of pages needed for it and keep the maximal clarity of the argument. 

(3) ' - 

Let us consider the sub-sum of Z2J that corresponds to the sum over /i such that 
M2 < Cqs^ jn. The walks we consider have the maximal exit degree D{W2s) > n^ 
and therefore there exists a vertex /3q = W2s(^o) such that |A(/3o)| = D{W2s)- Let 
us consider the subset of walks W2s"' (C) with C — C{il,p,P;f;v), where f stands 
to point out the arrival BTS-instants and v determines the rule where to go by the 
non-marked steps at the BTS-instants. 

Denoting by L the number of the arrival cells at /3o and by d^ — {di, . . . ,dL) the 
repartition of the d edges among these cells, we can write that 

^ |^(*o;L,.-.)(^^| < ^A±J^ e-"^ \wt''\C)\. (4.10) 

dL 

This inequality is proved in Section 6 (see corollary of Lemma 6.5). As we will see 
below, the presence of L arrival cells at the vertex (3q impose certain conditions on 
the classes C, that helps to compensate the factorial expressions of the right-hand 
side of (4.10). 

The number of arrival cells at /3q is bounded as follows, L < N + K, where 
N = k{/3o) is the self- intersection degree of /3o and K is the number of /3o-remote BTS- 
instants performed by the walk. Then we can write that K = Ki + K2 + K'^^^ + K'^^^ , 
where 

- Ki is the number of BTS-instants performed by the /ii-edges or by the p-edges 
attached to them (with no respect to the orientation of p-edges) ; 

- K2 is the number of BTS-instants performed by the /i2-edges or by the p-edges 
attached to them; 

- K^^' is the number of BTS-instants performed by the /im-edges, ?ti > 3 or by 
the p-edges attached to them; 

- K^^' is the number of BTS-instant performed by the i^-edges. 

Next, we split Ki = K'l + K'l , where K'l is the number of BTS-instants performed 
by the double edges. We also consider K2 = K'2 + K'2, where K2 is the number of 
the BTS-instants performed by the /i2-edges without p-edges attached to them. 

It is clear that the number of simple BTS-instants K2 is bounded by the number 
of open simple self-intersections r, K2 < r. Also we can write that 

K[ < K'{ + K2 + K^'^^ + K'^^^ (4.11) 

We prove this inequality in subsection 6.4. Then we get the following lower bound 

It is easy to see that the number of /ii-edges that have a multiple p-edge attached 
is not less than the number 

Ri = {[K'{/{2ko)\+l)-IiK','>o}, 
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where I{k">o} is equal to 1 if K'^ > and to zero otherwise. The number of 
/Z2-vertices such that the corresponding edges have p-cdges attached is not less than 
i?2 = {[K2/{4:ko)\ + 1) I{K">o}- Regarding the ^m-vertices with p-edges attached, 

we see that their number is not less than Rm = ( L-^m /(2fco"^)J +1) ^r 



(3) 

3 < ?Ti < fco where Km is the number of BTS-instants performed by the edges of the 
corresponding degree of /i-self-intersection of by the p-cdges attached. 

We split the estimate of ^2^' into the following four stages. 

Part I. Let us start our estimates with the factor that correspond to the :/-edges 
and the BTS-instants at them. There are K^'^^ BTS-instants that cannot be the first 
arrival instants at these vertices. Then for the corresponding factor we can write the 
following estimate 

where the sum runs over rj > 0. Denoting \D\i — X]fe>fc +i(^ ^ ^)i^k and taking into 
account inequality 



Tk I rfe! 



we deduce from (4.12) that 



* fI"^) ^1 Y^ * Y^ (^cr^)^''" 



^KW ^ ^ KW\ (lognY 



2\k \ ^k 

fe-1 



k=ko + l ^ ^ 

where the stars mean than the sum over v runs over such values of t^^, > that 
Sfe>_ff +1 ^^k > K^^\ Let us also note that if X^''^ — 0, then the sum over a^ starts 
by 0, and if K^^^ > 1, then the sum starts by fco. 

Taking into account that C/^ — v?^ with the choice of (4.6), we see that 

where A^n"^ ^ n{\ogn)''"-\2CisU^)''°{v^p)-''° is such that A'n"^ = o(l) as n ^ oo 
(cf. (4.7)). This gives the following bound 

Y:^S'<j^^<"- (4.13) 

V 

Part II. Regarding the /Zm-vcrtices, we observe that their total number is not 
less than i?(^' — {^K^^'^ j (2k'^\ + l) /{x(3)>o}- Then the corresponding factor is 
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estimated as follows 



„(3) 1*1 /6s^hY' pr 1 /(2fco)"s"/t^^" 



/i^"" 6^ Ms! V "' / iA Mm! V n^-i 



u(3) r^ -^ \ / m=4 



/J 



where the star means that the sum over /i"' = (ji^, . . . ,/ife(,), Hm > is such that 
Sm>3'^Mm > i?^^-*. Then we get the following upper bound 

T.*^^^^ ^ ^ exp{6x/i(l + o(l))}. (4.14) 

U(3) ^ 



Part III. Regarding the set of pi,p27 • • • ,P2ko-i simple and multiple p-edges, we 
assume thatp",P27 • • • iP2k -i of them are attributed to /i'-^'-edges and the remaining 
p'i,P2, ■ ■ ■ iP2ko-i sdges are attributed to /ii-edges and to /i2-edges. 

Let r and i?2 vertices are chose among /i2 vertices. The corresponding factor that 
contributes to the estimate of the contribution of such walks is bounded by 

1 M2! fs^Y'-'--''' f6she*Y fs^\''' 

• (4-15) 



h^ {ji2-r- R2)\r\R2\ \2nJ \ n J \2n 

Denoting p' — aj+bj, we see that the number of possibilities to distribute ai, . . . , a2ko-i 
edges oi p[ simple p-edges, P2 double p-edges and P2k _i edges over /ni-edges is given 
by the expression 

, 2feo — 1 a, 2feo — 1 „, 

Ml! yj Ml' TT * 



< 



n ^sn 



(^1 - fli - ... -a2fc„_i)!ai! •••a2fe„-i! fj^ a;! j-J^ a;! 
Then the corresponding factor is bounded by 

n ^.{r^'») ■ ("« 

Regarding the distribution of 6i, 62, • • ■ , ^2fco-i simple and multiple p-edges such that 
61 + . . . + b2ko-i ~ R2 over i?2 /i2-edges and taking into account expression (4.16), 
we can write the following expression that estimates the corresponding factor, 

i?2! V- J_(?^y 1 fhdvA'" 

X n E ^ ^ — V.« i;;^ 7rl'^.« . ("7) 

1=2 a,+6i=p; 

where 02 + 03 + . . . + a2ko-i = ^1 and /i > 1. 
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Combining (4.15) with (4.17), we get the bound for the factor that corresponds 
to ^1 and /X2-edges with p-edges attached, 

1 M2! /|2^M2-r-i?. ^^^^^ 



h^+Ri+R^ {p2-r-R2)\r\ \2nJ 
1 f sdV4 hs^dViY' ^^^ 1 fhsd'~ 



n ;7ihr^-+^ 1 + J ' (4.18) 



Pi- \ P 2np I jj^ p[\ \ p' 

where /X2 > i?2- 

Part IV. Finally, it remains to take into account the distribution of p", . . . ,p2fe _i 
of p-edges over the /i^'^^-edges. This gives the factor 

n ^ (f ^.) ^ a«) 

(3 1) 

Now we are ready to complete the estimate of Z!^^' . Remembering inequality 
(4.10), using the bounds (4.13), (4.14) and combining these with expressions (4.18) 
and (4.19), we get after summations over pj and p" such that p'l+p'/ = pi the following 
upper bound 

z^''<^i E E EEE-p{-i;^ + ^ 

d>n^ i=l N+K>L K'^+r+Ki;+Ki^)+KW>K/2 ^ ' 

X V V - ^2! s^^ 

Z^ Z^ /jW+r+i^i+i^^+flt^'+ife" {ii2-r-R2)\r\ \2n 

fl2>R2 r=0 •'^ ^ 

X f^^xp|^ + ^^^!^+ V'^^(l + 2.)| .e^x..i-, (4.20) 
\ n J y p 2np ^ p^ J 

where 

' h^{2kof'^^^^^, iiN<ko: 



^N ~ \ . ^,r7".,« 



p" 



^2 p 

we used (4.18) under assumption that h > 1 and s/n < 1. 
It is not hard to deduce from (4.20) that 



hY y (^ + ^~^i' e-'"^-fe-^/(is^g). (4.21) 



X s^ 
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Applying the Stirling's formula for the factorial terms, we see that 



1 id + L-iy._e^ Jd + . f^^d, ^^^^^^^^ 



hL d\{L- 1)! y V 2T:dx \ x 

for large values of L — 1 = x. Thus, the question is reduced to the analysis of the 
function 

The function g{x) — In /(a;) has only one extremum point xq that verifies equation 

. f. d\ d ~ 

In IH = h In h. 

V x^J xo + d 

This equality implies that xq < d{h — 1)^^ and therefore f{x) < exp{d/h} for all 
X e [1, +oo). Taking h ~ h* = (2?7) ", we arrive at the final estimate 

^^f ^ < J^y|^exp{(Co + 36/.*)x^(l + o(l))}i?.(6rx^/2).«e-''«V2. 

Then obviously, Z2S ~ o{l) as n — ^ 00. 

To estimate of Z2S -, one ean repeat the arguments used to estimate Z^g and 
Z^g ■ We omit the corresponding computations that show that ^2^' = o(l) as 
n — > oo. 

Remembering inequality (4.4) for ^2s' ^'^'^ combining it with the estimates of 

(1 2) (2) (3) 

Z\g , Z^J ^ and ^'g^ , it is easy to complete the proof of Theorem 3.1. 

4.4 Proof of Theorem 2.1 

Using the standard arguments of the probability theory, we can write that 

where Amax" is the maximal in absolute value eigenvalue of H'^'^-p-^^ . Regarding the 
results of previous subsections, we see that 

limsup ETr(i?("'''"))2''" < £(x) = -^= e'-'^''>+^^^^' B{6x^^^). 

Then it follows from (4.22) that 

limsupP |aL"2. > 2z; (l + ^) | < inf £(x)e-->^ = g{x). (4.23) 



Let us consider the subset A„ ~ ni<i<j<„{u; : \aij\ < C/„}. Denoting A 



max 



Amax(^''"'''"''), we can write that 

P {A(;'a^^ >y} = P {AL"a^' >y} + P {{^[:£-^ > y) n A„} . (4.24) 
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Clearly, 

E la |i2+20 
P{A„}< J2 P{K\>Un}<n^ I^^U • (4.25) 

l<i<]<n '^" 

Assuming that the moment V2+20 of aij exists, we see that the choice of 6 in (4.6) 
such that 6 > {6 + cj))^^ is sufficient for the right-hand side of (4.25) to vanish in the 
limit n — > 00. Relation e + Eq ~ 66 together with the condition s > Sq implies that 
2e > 6/(6 + Iq). Therefore it is sufficient to take the value 

^0 ^ ^ (4.26) 

6 + 

to have Theorem 3.1 true and to deduce from (4.22) and (4.24) the estimate 

hmsupP {a(;''^") > 2t; (1 + ^) I < inf £(x)e-^'^ ^ g{x). (4.27) 

Elementary analysis show that G{x) < e^*^^ . Theorem 2.1 is proved. 

4.5 Proof of Theorem 2.2 

Using the following representation of the moments of iy("'^"), 

2s„ 



l(n,p„) ^ g^^ 



(^^"■''"^) "=zgl+zill+Z^il, (4.28) 



where Zj* , i = 1,2,3 are determined in the same way as it is done for Lj"''" &t 
the beginning of this section, we see that the estimate of Z2J is the same as that of 
Z^ll and (4.4) is true. 

~(2) . . (2) 

To get the estimate of .Zj^ we repeat the computations used to estimate .Zgj, 
with the only difference that (4.7) is replaced by expression 

(«2p)fc y y2 J "^ , ft^Ko + i- 

Then the choice of the technical value fco = [j-\ +1 (cf. (4.6)) is sufficient to have 

"(2) " ('^) 

Z\^ = o(l) as n — > oo. The same concerns the estimate of ^2^ . 
These arguments show that 

limsupL^^f ") < ^L= B(6x'/') e(^"+36)x' (4.29) 



for any positive e G (0, 1/2]. It is easy to see that (4.29) implies (2.5). Theorem 2.2 
is proved. 

5 Estimate from below 

Let us consider random matrices H^'^'P' (2.1) with random variables o^j that have all 
moments finite. Then the following statement for the moments i„ '' (2.6) is true. 
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Theorem 5.1. Let Sn ~ xn^/"^ and pn = arP'l'^ with x, (T > 0. Th. 



en 



-(«,p„) " (2s)! IGVjSn _ 16^4 



liminf 4'-"^ > j- -jf^^ ■ ^^1^^ = ^^^(1 + «(!)) > (5-1) 

where V4 = E \aij\'^ and E \aij\'^ = v^ = 1/4. 

Proof. 

Let us consider a Dyck path 02s and point out two marked instants of time ii 
and ^2 such that the corresponding vertices a and /3 of the Catalan tree T{62s) have 
the same parent. Let us denote the couple {02s, (^1,^2)} by 02s • To show (5.1), 
we construct the set of all walks with p2 simple self-intersections yV2s^ that have a 
self-intersection (^1,^2)- It is sufficient to consider the walks that are of the tree- type 
structure, i.e. that have no BTS-instants. 

It is clear that the weight of each walk T4^2s G ^2^^ is bounded from below by 

2s-4 T/ 

n(VK2s) > -^^. (5.2) 

There are s — p2 vertices in the graph g{W) of such walk. 

Assuming that p2 is such that < M2 < -^ = C2n^/'^ with some constant C2, we 
conclude that the number of possibilities to construct p2 simple self-intersections on 
s vertices can be bounded from below as follows 



1 1 ({s-2Mf 



2^2 ^2! (s- 2^2)! ~ A*2! 
Then we can write the following inequality, 

M 



2\ M2 



4r^>E E E E n(Ty2s) 



M 



where we have used an elementary analog of the formula (4.2). 
Clearly, the following sum vanishes for large n, 

-1 / 2 \ M2 1 / 2 \ ^2 

J„^(-) ^75557!^, (,25;^) =°<'>- — '"' 

and this is true for any positive C2. 

It follows from Lemma 6.3 (see Section 6) that X^ec^.f*) 1 = •S'''s(l+o(l)) as s ^ 00. 
This result, combining with (5.3) and (5.4), gives, after elementary computations, 
the lower bound (5.1). Theorem 5.1 is proved. 
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6 Auxiliary statements 

6.1 Proof of Lemma 3.1 

Any Dyck path 62s generates an ordered sequence of s marked instants of time 
1 = ^1 < ^2 < • • • < ^s < 2s ~ 1 that we denote by Eg — {S,i, ■ ■ ■ ,S,s)- Given i2,p, P, 
we can consider a collection of blue, green and black boxes that are gathered into 
groups according to p,,p, v. We mean here that we have fira groups of m ordered blue 
boxes, pi groups of I ordered green boxes and Vk groups of k ordered black ones. 

Let us consider the walks W2S & Cj^l (m,P, v) and see how many values from ^^ 
can be seen in the corresponding groups of boxes. Let us consider first the black 
ones. Any 14^28 generates a partition of s elements of S^ into 1 + J2k>k +1 '^k subsets 
of k elements and the number of such partitions is bounded by 

s! '^ 1 /s'^X"'' 

(^ - E.>fe„+i ^kV- {{ko + lyr'-o^^ ^.0+1! • • • (sir^ ^.i - , n^^ ^ U j • ^^-^^ 

For such a partition, let us denote by Eg C Ss the subset of ^j's that fill C^ black 
boxes, (ly — \D\. It is clear that given Ss , the blue boxes can get the values from 
the subset Sg \ Si of cardinality s — C^. 

Regarding Q = X]m=3 "^Mm blue boxes and repeating the arguments used in 
(6.1), we get the following estimate for the number of choice of the subsets Es , 

Let us consider the values at the boxes of simple /i-self-intersections. For sim- 
plicity, let us assume that we have a family of walks yV2s with only one simple 
/x-self-intersection, ^2 = 1- For any set of integers x,y,z such that x + y + z = Cp, the 
set yV2s is separated into disjoint subsets yV2s{x,y,z), where W2S G W2s{x,y,z) is 
such that X green boxes get values £,j that are less than the value of the first arrival 
instant ti at the vertex (3 of simple self-intersection and y green boxes get the values 
greater than the first arrival instant at /3 but less than the second arrival instant ^2- 
Then the number of possible values for the pair (01,02) that determines the simple 
self-intersection (^1,^2) — (^€1,^02) is bounded by the following sum over ci and 02 



Z. l< ^''^^'r ^" ^ -y, (6.3) 



l<a:<ci <Ci4-y<C2<s 



where the star means that Ci € S^ \ (Sg -^ U5s ^). Certainly, VV2S = ^x,yy^is{x, y, z) 
and this explains the presence of s in the first factor at the right-hand side of (3.5) 
If the self-intersection is the open one, then at the instant ^C2 there is not more than 
26'(^C2 ^ 1) !i 20* open vertices to choose as the vertex of such self-intersection. Then 
we get not more than 2s9* pairs (ci, C2) to fill the pair of blue boxes. 



21 



Regarding the general case of /X2 simple self-intersections, we use the recurrence ar- 
gument based on the estimate (6.3). Assuming that there are r open self- intersections 
among /i2 simple ones, we obtain by the standard reasoning the first factor of the 
right-hand side of (3.11), 



1 ,„ „...T IS 



~2\ P-2-r 



{6ser hr ; (6-4) 



(/i2-r)!r! ' ' V2 

see [26] for more details. 

It is clear that the walk W2s is determined by its values at the marked and non- 
marked instants of time. The addition factor 3 in front of s9* arises due to the 
possibility to choose one of three possible vertices to perform a non-marked step 
after the walk reaches the vertex of the open self-intersection [23] . The total number 
of such choices at other vertices of self-intersections is bounded by (2fco)'"'^'" for the 
/z- vertices and by {2k)^^'' for the i^- vertices [9]. One can think about a certain rule 
V that prescribes the choice of vertices where to go at the non-marked instants of 
time. So, the cardinality of the set T^ (ft, D) of such rules for the walks from the 
class Cka{p-,P, v) with r open simple self-intersections is bounded as follows [9] 

feo s 

\T'^^}{fi,v)\<r \{{2k,r^- Y{ {2kf^''. (6.5) 

m— 3 k—k^ + l 

Let us consider the number of possible values in the green boxes. In the next 
subsection we show that given the marked instants of time that correspond to /x- and 
j^-edges and having fixed a rule v £ Tj^ {ft, v) , the exit clusters of vertices of the walk 
graphs are uniquely determined. Then regardless the orientation of p-edges, one can 
see not more than S values in the each of pi ordered groups of green boxes. This 
gives the factor d}^^ /pi\. 

The green boxes are distributed over C^ = Sm=i "^M™ /x-edges. This can be 
made by 

Cm! 



(Cm-Cp)! Pi!p2!---P2feo-i! 



ways, that is bounded by nz^i" s^^/pil. Using this expression together with esti- 
mates (6.1)-(6.5), we get the right-hand side of (3.11). Lemma 3.1 is proved. 

6.2 Trees, forests and multiple edges 

In this subsection we prove an estimate of the number of trees (forests) that improves 
the results of [8] and [9]. 

Lemma 6.2. Consider the set Ts of trees constructed with the help of k edges 
on q roots. Then for all q > I and s > the following bound is true, 

\TJ^^<q'i2/3y\Ts+,\, (6.6) 

where \Ts+q\ = Tg+q is the Catalan number. 
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Proof. Clearly, 

iri'^H E ^«i ••• ^",-1^",' (6-7) 

Ul+U2-\ \-Uq=S 

where the sum runs over integers Uj > 0. Using the fundamental recurrence relation 

5 
Ts+l = '^Tj Tk-j, S > 0, To = 1, (6.8) 

we can rewrite (6.7) in the following form, 

s 

\'s \ ~ / , / , ''"1 '■' ''"g-2 /_^ TUg_iTu^ 



7 . 7 . '^■«i • • • T„,_2 *f+i - 17^+1 I ^ 17^+1 ' 



'«1 ' Uq-2 ''V+l 

V = M1+U2H hMq-2+l' = S 



Slightly changing variables, we get the following recurrence relation of the triangle 
form, 

\r}'-'^\ = \t}i\\ + |ri^-2)|, q>3, s>i (6.9) 

with obvious initial conditions ITq'"' | = 1 for all q > 1, \Ts \ = Tg, and \Ts \ — Ts+i 
for all s > 0. 

Let us note that (6.9) can be also obtained with the help of the generating function 

^i^, = Eg>i Es>o IT"-'"^! • ^' <^' that is given by relation 



where (/5(<j) = E^o '''«''* i*^ ^he generating function of the Catalan numbers. It follows 
from (6.8) such that (f{(;) verifies the following equation 

^(0 = 1 + ^^^(0 (6.10) 

and therefore ip{(;) = (1 — \/l — 4<r)/2<r . 

Using (6.9) and the explicit form of the Catalan numbers, it is easy to check by 
recurrence that (6.6) holds. To do this, it is sufficient to check first that (6.6) are 
true at the border lines |7^ |, |Ts | and |7^ | and the to fill the lines s + q — m 
from the upper part to the bottom part and pass from to to m + 1. Lemma 6.2 is 
proved. 

Clearly, (6.6) implies that 

ITfe^'^l < (3/4)'? Tfc+„ for aU fc > 0, g > go, (6.11) 

where one can take qo — 100. 
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Let us consider a Catalan tree Tfc and denote by N^'^\Tk) the number of pos- 
sibilities to mark two edges of Tk that have the same parent vertex. Clearly, the 
sum N^ ' — J^TkeTk ^^^^ (-^'=) represents the number of even closed walks of 2k steps 
whose graphs have exactly one double edge in the sense of definitions of Section 3 
and that have no other self- intersections. For the reader's convenience, we present 
here the proof of the following statement. 

Lemma 6.3 [9] The number Ns is bounded from below, Ng > sTg; moreover, 
the following explicit expression, 

"••" = -('-;f2)- <"^' 

is true. 

Proof. It is not hard to see that 

and therefore the generating function iV'^^'(<r) = X]fe>o ^fe '^'^ with Nq — Nj^ — 
is given by relation 

This equality implies equality 

Then relation (6.10) implies (6.12). 

More generally, the total number of possibilities to mark / edges that have the 
same parent vertex at the Catalan trees is is determined as follows, 

TVi') = Y. (2w + 1) T,, r,, . . . T,„_, 

U+Vi + ... + V2l-l=S—l 

and therefore its generating function N^ ' (i^) is given by relation 

iV«(0 = <,' ^2^-1 (,) (2/yr^4^- ^(,)) . 
Then it is not hard to show that 

7VP<2'sT,. (6.13) 

Finally, let us study the tree-type walks that have no self-intersections excepting 
those that produce double edges. Let us denote by Ms the sum over even closed 
walks whose graphs have simple or double edges, where each simple edge produces a 
factor a and each double edge produces a factor b. 

Lemma 6.4. Generating function ^(t) — X]s>o -^-^^ '^'^ ^^ given by the following 
equation 

*(cr) = l + a'r*^(<r) + &<r^*''(0- (6-14) 
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Proof. One can use the standard recurrence procedure with respect to the first 
edge (p, a) of the walk; this recurrence is standard when regarding the Catalan trees 
or the tree like walks of more complicated structure. Then it is not hard to see that 
the following relation holds 



s-l s-2 



Mi'^^aJ2MifMif+b J2 Mil^MifMifMif, (6.15) 

where the sum runs over non- negative values of Vi and Uj such that 11 + 1 + 112 = 5 — 1 
and -^1+^2 + W3 + M4 = s — 2. It is easy to show that (6.15) implies (6.14). Lemma 
6.4 is proved. 

Regarding (6.14) in the limit of 6 ^- 0, we see that ^(<;) = (p{c:) + b^(<;) + 0(6), 
we get equality 

$(0 = 2a<r^(0$(0 + '^V^W (6.16) 

(2) 

that can be also obtained with the help of recurrence relation for Ns of the form of 
(6.15). Relation (6.15) leads to another one form of A^^^^(^) — $(^)|a^i that is 

N('H^) = ^^^ - E ^V^+'-W. (6.17) 

^ ^''^ m=0 

Elementary calculus shows that (6.12) verifies (6.17). 

The last remark concerns the limiting expression for (6.14) when b — x^i — 1) 
X "> oo and a = V2 ^ 0. Then ^(<r) —> ip{'^), where 

V'(0-1 + ?V(^) (6.18) 

is the generation function of the numbers of chronological runs over the Catalan 

^ (2) 
trees Ng , s > 0, where each edge is passed four times. The first six elements of this 

sequence are 1, 1, 4, 22, 116, 741. It would be interesting to get the explicit expression 

for this new sequence that can be regarded as a kind of Catalan-type numbers. 

6.3 D-lemma 

In this subsection we prove our main technical result that is much in the spirit of 
the conditional probability. It can be considered as an essential improvement of the 
statements used in [9, 21, 26]. Without this result it would be difficult to get the 
correct value of the critical exponent that we discuss in Section 7. 

Lemma 6.5. Consider a subset of walks W2s"' , (5 > 2 such that at the vertex 
/3o — W2s{^i ) there exists one cell having its proper exit cluster A with the number 
of edges ||A|| = d. Then 

|W^^'''|<e-"'^|W2.|, (6.19) 

where r/ = log(4/3). 
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Proof. Given t' , let us consider a subset 14^25° ' — '^2.°' such that t' is the 
parent cell c(i') of A at (3o and take one element W^l"''^'*'^ € }V^l"''^\t'). We denote 
by yv^l"'"^'*'^ the family of walks W^^J^''^'*'^ C W^*"-'''*') that coincide with w^l"''"^'*'^ 
during first f steps, i.e. such that W^l°''^'*'\t) = W^l°'''^'*'\t) for all t G [0,t']. We 

also introduce a family of walks Wj^ e W2S that coincide with VFjs during i' 

first steps. We are going to show that 

|y^(to;d,t')|<g-„d |W^*')|. (6.20) 

Let us denote by 6'^* ^ the 6'-structurc of the sequence {^2^ ' ' {t),0 < t < t'} and 
consider the corresponding Catalan tree T' — r(^(* )). Let us denote by v' the vertex 
of T' that is determined by the instant t' during the chronological run over T'; 

v' = nT>{t') 

and denote by I?t'(w') the set of vertices of the descending part of T' . On Figure 1, 
the Catalan structure 0^^^ of the walk W[q is presented by the tree T' , with the 
descending part given by the vertices /3i , . . . /^s . 

The remaining parts ^('''* ^ of 6'-structures of the walks W G ^28" ' ^^^ *^on- 
structed as follows: the vertex v' gets the set of edges A and the remaining s— |jr'||— d 
edges are used to built all possible trees on the set of roots VT'iv') U V(A). The re- 
maining parts 9^^ ^ of 6'-structures of the walks W G Wjs ^^'^ constructed as all 
possible trees of 5* — ||r'|| edges on VT'iv') roots. 

We see that the difference between 9^'^'* ^ and O^'^-* ^ is that in the first ensemble, 
d edges are removed from the build process and arc attributed to the vertex v' to 
serve as the roots. Lemma 6.2 and its corollary (6.11) say that in this case, 

.^i\\Vj.,iv')UV{A)\\). r)d |-7-(ll'r'T'(^'')ll| (ROU 

l's-||T'||-d 1-^ \'s-\\T'\\ I- l>0-^-LJ 

To complete the proof of (6.20), it remains to note that the choice of vertices for 
open self-intersections for the walks that have ^-structures ^^* -' is greater than that 
for the walks with ^-structures ^^'''* ^ because the height of the corresponding Dyck 
paths is greater in the first case with respect to the second. 

Clearly, relation (6.19) follows from (6.20). Lemma 6.5 is proved. 

Remark. There are two possibilities concerning the cell c{t'): 

a) the instant t' is marked and then c(t') is the primary cell at /3o; 

b) the instant t' is non- marked and c(i') is the imported cell at /3o- 

The difference between these two cases with respect to the position of the vertex v' 
in T' is such that in the first case ||T'|| =t' while in the second case ||T'|| <t'. 

Corollary of Lemma 6.5. Let ')/\}W''^-'^l) jg ^/jg gg^ qj walks such that at the 
vertex /3q there are L cells parent for the exit clusters A^, ^ l£ j l£ L with \\Aj\\ = 
dj > 2 and (di,d2, . . . , d^) = d^. Then 



|^(to:L,J,,)|^g_^D|-^^^|^ (6.22) 



where D ~ X]7=i '^ 



1=1 "'■? ■ 
This statement is proved by the recurrence procedure. 
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6.4 Short BTS-instants in double edges 

In this subsection we prove that the number of the short BTS-instants at the double 
edges (SBTS-instants) is bounded from above by the total number of all other BTS 
instants. To do this, we show that each SBTS-instant is to be preceded by another 
one BTS-instant and that each SBTS-instant at the time t' can makes possible for 
the walk to perform another one SBTS-instant at the time t" > t' and the only one 
provided the time interval [t' + l,t" — 1] contains no other BTS-instants. 

Let us first observe that the edge 63 — {a, (3) corresponding to the step {t — l,t) 
of the walk can represent a short BTS-instant at the double edge if there exists the 
p-edge ei = (a, /3) closed by a non-marked edge e[ and that there exists an edge 62 
attached to /? that is t-open. It is not hard to see that this is possible only in the 
case when e[ ~ (a, fi) and 62 ~ (P, 7) with some 7 7^ /3 since the graph of the walk 
has no loops. 

Clearly, to create the couple of edges {ei,e'i), the walk has to perform a BTS- 
instant at the time interval [t + l,t' — 1]. Thus, the SBTS-instant is impossible 
to be created without a BTS-instant performed before. By recurrence, we see that 
there has to be the staring point for the possible sequence of SBTS-instants, and this 
starting point cannot be the SBTS-instant by itself. 

The SBTS-instant (63, 62) closes the edge 62 and then the walk performs a number 
of steps. If there will be another one SBTS-instant, then the walk should prepare 
a new couple of edges (62,63) that are non-marked and marked non-closed ones, 
respectively. Therefore the time interval from eg till 62 should contain the non- 
marked edges only. In the opposite case when the walk will perform a marked step, 
it will meet another one non-closed marked edge and this will give the open self- 
intersection that we prohibit. Therefore, a SBTS-instant can create only one couple 
(62,63) because any other consequent couple will be created with the help of open 
self-intersection. 



7 Discussion 

In present paper we have studied the asymptotic properties of the probability distri- 
bution of the spectral norm of large dilute random matrices. We have shown that the 
probability distribution of the maximal eigenvalue of dilute Wigner random matrices 
ffin,p„)^ when regarded at the scale n~^/^, admits the universal upper bound in the 
limit of infinite n, pn such that n"^^^ ^ Pn l£ n. This result is a consequence of the 
existence of a universal upper bound of the moments Lj"'''" , s„ — xn'^^^ of ij("''''") 
by itself or the moments of corresponding random matrices with truncated elements 
(see Theorem 3.1, Section 3). 

According to the general scheme developed in papers [23, 26], this kind of the 
asymptotic behavior of the moments L2"'''" can be regarded as the strong evidence of 
the universality of the probability distribution of one (or several) maximal eigenvalues 
of ij("'''") in the limit of infinite n and p„ ~ j^2/3(i+e)^ e > 0. Therefore one can 
expect that the dilute random matrices in the limit of the weak dilution, i.e. for the 
values of /?„ such that n^'^ <C /9„ < n, n — >■ 00 belong to the class of universality 
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determined by the Gaussian Orthogonal Ensemble of random matrices (GOE) in the 
case of real symmetric H^'^'P"\ or by GUE in the hermitian case [16]. 

From the other hand, the estimate from below given by Theorem 5.1 shows that in 
the asymptotic regime n, p„ — > oo such that /?„ ~ 0{n'^'^), the estimate from below of 
Ljs''" involves the factor V4 that therefore should be present in the corresponding 
estimate from above, if it exists. This means that in the asymptotic regimes of 
the moderate and strong dilution, when p„ ~ a^^^ or /?„ = o(n^/'^), respectively, the 
standard universality conjecture fails in the sense that the limiting expressions depend 
on the moments higher than V2 of the random variables o^j . As a consequence, the 
left-hand sides of (2.3) and (2.4) should involve expressions that depend on V4. 

Moreover, the results of Section 5 show that in the asymptotic regime n, /?„ — > 00 
when pn = Off with < e < 2/3, to get the finite upper bound for the moment 
of the order s„, one should restrict the growth of s„ and consider the case when s„ 
is proportional to p„ but not to t?!"^ as before. Then one can conclude that the 
scale at the border of the limiting spectrum of H^'^'f"^ should be also changed to be 
proportional to /)„. 

Therefore we can put forward a conjecture that the rate p„ = ri^'^ represents the 
critical point where the eigenvalue distribution at the edge of the spectrum changes 
its properties, in particular the limiting scale. One of the possible explanation of 
the role of the exponent 2/3 in these studies could be obtained from the point of 
view of random graphs. A number of properties of the Erdos-Rcnyi random graphs 
change when the rate of p„ is changing [2, 7]. Thus it would be interesting to develop 
further the connections between the properties of random graphs and the spectral 
theory of random matrices and to interpret our results from the point of view of 
random graphs. 

It is worth noting that in the asymptotic regime of strong dilution when /9„ = n"^ 
with (0,2/3), the leading contribution to the moment Ll^l'^" come from the walks 
of the tree-type structure, i.e. without the BTS-instants. This implies that the 
difference between the real symmetric and hermitian cases disappears with respect 
to the local properties of eigenvalues at the spectral edge. Moreover, only the walks 
with simple self-intersections survives in this limit that makes the studies more easy 
than before. 

The estimates (6.12) and (6.13) for the number of the tree-type walks with mul- 
tiple edges show that the contributions of terms z!^^,! = 2,3 used in Section 4 are 
overestimated in this case. Instead, one could expect to get the estimates of the form 



^ L pn Hn Pn 



^L: < ^^ exp <^ V4 + -^Ve + ^^Vs + ■■■}, (7.1) 



where ai are some constants. This inequality is much in the spirit of the results of 
[8], where the tree-type walks has been studied in the limit n, s„ — >■ 00 but in the 
different asymptotic regime p„ = (logn)^+^. 

Relation (7.1) indicates that in the limit of strong dilution, there can exist an 
asymptotic regime such that /?„ < s„ <C s^, when the leading term of L2"'''" involves 
the fourth moment V4 but is free from the higher moments Vg , Vg , etcetera. In 
this case the leading contribution to ^2"'''" can be related with the numbers M] 
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introduced and studied in Section 6, Lemma 6.4. 

It would be interesting to check whether this new type of universality really occurs 
in dilute random matrices. The method proposed in [8] to study the high moment 
of strongly dilute matrices based on the properties of the tree-type trajectories with 
multiple edges could be helpful in these studies. 
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